G.R. Ramirez-San Juan General Physics I1I: Electromagnetism, Fall 2024

Exercise sheet #6

Problem 1. A circular ring in the xy plane (radius R, centered at the origin) carries a uniform line
charge A. Find the first three terms (n=0,1,2) in the multipole expansion of V (r, §)
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Solution: For a line charge, p (r') dr’ — A (r’) dl’, which in this case becomes ARd¢'.
r = rsinf cos ¢X + 7 sin 0 sin ¢y + 1 cos 0z,

r' = Rcosd'x + Rsing'y, so

r-r’' =rRsinfcos¢cos ¢ +rRsinfsin ¢sing = rRcosa,

cosa = sinf (cos ¢ cos ¢’ + sin ¢ sin gb/) .
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So: Vp = AR (3(:0829 — 1) =— A R—Pg(cosé?).
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Problem 2. Three point charges are located as shown in the figure below, each a distance a from
the origin. Find the approximate electric field at points far from the origin. Express your answer in
spherical coordinates, and include the two lowest orders in the multipole expansion.
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Solution: Q = —q, $0 Vinono = ﬁ%}; p=gqaz, so Vgp= 47360 1275°%. Therefore

1 1 R
V(r,0) = 9 <——|—CLC0289>- E(r,0) = a —T—2f'+f—3(20050f'+sin99)
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Problem 3. An ideal electric dipole is situated at the origin, and points in the z direction, as in the
figure below. An electric charge is released from rest at a point in the xy plane. Show that it swings
back and forth in a semi-circular arc, as though it were a pendulum supported at the origin
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~ F =¢E = 471-q£r3 (2cosft +sind ).
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Now consider the pendulum: F = —mgz — T#, where T — mgcos¢ = mwv?/l and (by conservation

of energy) mglcos¢ = (1/2)mv? = v? = 2glcos¢ (assuming it started from rest at ¢ = 90°, as
stipulated). But cos ¢ = —cos#, so T'= mg(—cos ) + (m/l)(—2gl cos §) = —3mg cos #, and hence

F = —mg(cos OF — sin 06) + 3mg cos OF = mg(2 cos OF + sin 00)

This total force is such as to keep the pendulum on a circular arc, and it is identical to the force on ¢
in the field of a dipole, with mg < gp/4megl®. Evidently g also executes semicircular motion, as though
it were on a tether of fixed length (. O

Problem 4. A perfect dipole p is situated at a distance z above an infinite conducting grounding

plane (See figure below). The dipole makes an angle 6 with the perpendicular to the plane. Find the
torque on p. If the dipole is free to rotate, in what orientation will it come to rest?

0
p

Solution: Use image dipole as shown in Fig. (a) below . Redraw, placing p; at the origin, Fig. (b).
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E; = W@ cos Of +sin00); p = pcos Ot + psin A
N=pxE; = 47‘(‘60]222)3 (cos OF + sin 00) x (2 cos OF + sin 06)
2
S [cos O sin O¢ + 2 sin O cos O(— )] where ¢ is the charge of the electron
47en(22)3
2 .
psinfcosf
=——(— t of th :
et (79) (ont of the page)
and a is the Bohr radius. Find the atomic polarizability of such an atom. [Hint: First calculate the
electric field of the electron cloud, F.(r); then expand the exponential, assuming r < a ]

Problem 5. According to quantum mechanics, the electron cloud for a hydrogen atom in the ground
state has a charge density

q —2r/a

r)=—5xe€
plr)=—5
where ¢ is the charge of the electron and a is the Bohr radius. Find the atomic polarizability of such an
atom. [Hint: First calculate the electric field of the electron cloud, E.(r); then expand the exponential,

assuming r < a

Solution: First find the field, at radius r, using Gauss’ law: [E-da = %Qenc, or £ = ﬁ%@enc.
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[ Note: Qenc(r — 00) = ¢.] So the field of the electron cloud is E, = 4mo % [1 — e 2r/a (1 +27 + 22—3)}

The proton will be shifted from r = 0 to the point d where E, = E (the external field):
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Expanding in powers of (d/a) :
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